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ABSTRACT
We discuss the deformed sigma-model that arises when considering four-dimensional N = 2
abelian vector multiplets in the presence of an arbitrary chiral background field. In addition,
we allow for a class of deformations of special geometry by non-holomorphic terms. We
analyze the geometry of the sigma-model in terms of intrinsic torsion classes. We show that,
generically, the deformed geometry is non-Ka¨hler. We illustrate our findings with an example.
We also express the deformed sigma-model in terms of the Hesse potential that underlies the
real formulation of special geometry.
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1 Introduction
As is well known, N = 2 supersymmetric abelian vector multiplets in four dimensions contain
complex scalar fields X that give rise to a non-linear sigma-model whose target manifold
is a special-Ka¨hler manifold. The target-space geometry is called special geometry [1, 2].
In the context of global (or rigid) supersymmetry, special geometry is called affine special
geometry, while in local supersymmetry (i.e. when coupling to supergravity) special geometry
is called projective special geometry. In the holomorphic formulation of special geometry, the
target-space metric is encoded in a holomorphic function F (X). In the context of local
supersymmetry, F (X) is required to be homogeneous of degree two, and the Ka¨hler potential
of the target-space is expressed in terms of F (X) as [3]
K(z, z¯) = − ln
[
i
(
X¯I FI − F¯I¯ XI
)
|X0|2
]
. (1.1)
Here the index I labels the vector multiplets (in supergravity it takes the values I =
0, 1, . . . , n), and FI denotes FI = ∂F (X)/∂X
I . Due to the homogeneity property of F (X),
this Ka¨hler potential depends only on the projective coordinates zi = Xi/X0 (which are also
called ‘special’ holomorphic) and their complex conjugates, where i = 1, . . . , n.
Special geometry may also be formulated in terms of ‘special’ real coordinates [4]. In the
context of global supersymmetry, the special-Ka¨hler manifold is a Hessian manifold. The
underlying Hesse potential is related by Legendre transformation to F (X) [5]. The Hesse
potential also plays a fundamental role in the real formulation of projective special geometry
[6, 7, 5], as emphasized recently in [8, 9, 10, 11, 12].
In supersymmetric theories, parameters such as coupling constants can be viewed as back-
ground fields that are set to constant values, so that supersymmetry is left intact. Background
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fields may also be used to generate more general couplings of vector multiplets [13, 14], for
instance to the square of the Riemann tensor [15]. The coupling of background fields to vec-
tor multiplets is restricted by supersymmetry, since background fields correspond to certain
representations of supersymmetry. In the following, we will consider the coupling of vector
multiplets to so-called chiral background fields, which we denote by Aˆ. The holomorphic
function F will then also depend on Aˆ, so that now we have F (X, Aˆ). We will make use of
the underlying superconformal approach to supergravity, in which the fields XI and Aˆ are
subjected to local complex scale transformations. Rather than working with XI and Aˆ, we
will work with rescaled fields Y I and Υ that are invariant under these local transformations.
Accordingly, we will consider functions F (Y,Υ). These then describe special geometry in the
presence of a chiral background field Υ.
The abelian vector fields of the vector multiplets undergo electric/magnetic duality trans-
formations under which the electric field strengths and their magnetic duals are subjected to
symplectic transformations. The complex scalar fields Y I and the holomorphic derivatives
FI = ∂F/∂Y
I of the function F (Y,Υ) are transformed accordingly, i.e. (Y I , FI) is subjected
to the same symplectic transformation as the field strengths and their dual partners. The
background field Υ is inert under these transformations [13].
The presence of the chiral background field leads to a deformation of the non-linear sigma-
model. Namely, by setting Υ to a constant value, Υ becomes a deformation parameter that
affects the geometry of the target manifold. A concrete example is provided by taking the
background field to describe the coupling of vector multiplets to the square of the Riemann
tensor, and by considering the associated sigma-model in a space-time that asymptotes to
AdS2 × S2, with Υ set to the constant value Υ = −64. This is the situation encountered
in the context of the quantum entropy function [16], where the scalar fields asymptote to
constant values, while fluctuating in the interior of space-time [17, 18].
It is known that gauge and gravitational coupling functions in N = 2 theories receive
non-holomorphic corrections that are crucial to ensure that a given model has the expected
duality symmetries. An early example thereof is provided by the computation of the moduli
dependence of string loop corrections to gauge couplings in heterotic string compactifications
[19]. These modifications, as well as considerations based on the duality invariance of black
hole entropy formulae [20, 21], suggested that special geometry can be consistently modified
by a class of non-holomorphic deformations, whereby the holomorphic function F (Y,Υ) is
replaced by a non-holomorphic function [8, 22, 10]
F (Y, Y¯ ,Υ, Υ¯) = F (0)(Y ) + 2iΩ(Y, Y¯ ,Υ, Υ¯) , (1.2)
where Ω denotes a real (in general non-harmonic) function. The dependence on the chiral
background is encoded in Ω. The previous formulation based on F (Y,Υ) is recovered by
taking Ω to be harmonic.
It was shown recently in [23] that the non-holomorphic deformations of special geometry
described by (1.2) occur in a generic setting. Namely, a theorem was presented stating that a
general point-particle Lagrangian L which depends on coordinates φ and velocities φ˙ can be
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reformulated in terms of complex coordinates x = 12 (φ+ i φ˙) and a complex function F (x, x¯),
such that the canonical coordinates (φ, π = ∂L/∂φ˙) coincide with (twice) the real part of
(x, Fx), where Fx = ∂F (x, x¯)/∂x. The function can be decomposed as in (1.2), namely
F (x, x¯) = F (0)(x) + 2iΩ(x, x¯), where Ω is real. This reformulation exhibits features that are
analogous to those of special geometry.
Based on these observations, we are led to study the modified sigma-model that arises
when replacing F (Y,Υ) by the non-holomorphic function (1.2). Although it is not known
whether there exists a supersymmetric effective action based on (1.2), the resulting sigma-
model represents an extension of the usual sigma-model based on F (0)(Y ) that has symplectic
covariance built into it. The latter is a key feature of N = 2 systems [3, 13].
As stated below (1.2), the dependence on the chiral background is encoded in Ω. In the
following, whenever we turn on the chiral background so that Ω 6= 0, we will refer to the
resulting sigma-model as deformed sigma-model. We introduce the deformed sigma-model
in section 2. It is coupled to supergravity, and given in (2.14) in terms of the fields Y I and
Υ. As already mentioned, we set Υ to a constant value, thereby treating it as a deformation
parameter. We may consider the following limiting cases. When taking Ω to be harmonic,
we obtain a deformed sigma-model that is encoded in F (Y,Υ), as mentioned above. We will
refer to this situation as the Wilsonian case. The presence of non-holomorphic terms in Ω
implies a departure from the Wilsonian case. We may also consider decoupling supergravity,
and we will refer to this case as the rigid case.
We analyse the geometry of the deformed sigma-model in terms of intrinsic torsion classes
following [24]. To do so, we first express the deformed sigma-model in terms of projective
coordinates. In the presence of a chiral background, the set of projective coordinates is
given by zi = Y i/Y 0 , Ψ = Υ/(Y 0)w, where w denotes the weight of the chiral background
field Aˆ under scale transformations. The deformed sigma-model may also depend on the
phase of Y 0, which we denote by R = Y¯ 0/Y 0. When Ω = 0, it is well known that the
sigma-model target-space metric does not depend on R, i.e. the target-space metric has an
isometry associated with this angular variable. When Ω 6= 0, however, we will show that this
is not any longer the case and that the target-space metric is non-Ka¨hler, in general. When
written in projective coordinates, we find that the deformed sigma-model is given by (2.32).
It takes a rather simple form. The first term is the one that is present in the rigid limit when
decoupling supergravity. Its form represents a generalization of the one that enters in the
extrinsic construction of special-Ka¨hler manifolds given in [7]. The second term arises when
coupling the deformed sigma-model to supergravity. We discuss the rigid limit in subsection
2.2.2.
When treating Υ as a deformation parameter by setting it to a constant value, the chiral
background field Ψ ceases to be an independent field. It becomes expressed in terms of zi, z¯i
and R, and this in turn affects the geometry of the deformed target-space. This effect is
already present at the Wilsonian level, as we discuss in subsection 2.2.1. In section 3 we
analyze the geometry of the deformed target-space in terms of intrinsic torsion classes. We
restrict to a hypersurface R = constant and take the number of vector multiplets to be
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specified by n = 3, in order be able to use the analysis given in [24]. We work to first order
in Ω or, equivalently, to first order in the deformation parameter Υ. We express the intrinsic
torsion in terms of target-space metric coefficients that are of first-order in Υ. We find that
the torsion class W1 vanishes, whereas W2 is in general non-vanishing. For a manifold to
admit an integrable complex structure, both W1 and W2 have to vanish. Thus, generically,
the hypersurface R = constant does not admit an integrable complex structure. The intrinsic
torsion analysis can, in principle, be extended to any order in Ω.
In section 4 we discuss an example based on an STU-model in the presence of a chiral
background describing the coupling to the square of the Riemann tensor. Before discussing its
intrinsic torsion classes we perform a coordinate change that simplifies the deformed target-
space metric. The coordinate change is the one discussed in [10]. This coordinate change is
motivated by duality considerations, as follows. In the presence of a chiral background field,
the usual transformation laws of the fields Y I under S- and T-duality get modified by terms
that depend on the chiral background. It is convenient to introduce new fields Y˜ I that under
dualities transform in the usual way, i.e. when chiral background fields are absent. These
new fields can be defined as follows [10],
Re Y˜ I = ReY I ,
ReF
(0)
I (Y˜ ) = ReFI(Y, Y¯ ,Υ, Υ¯) . (1.3)
The duality transformations for the fields Y˜ I are independent of Υ and Υ¯, whereas those of
Y I depend on the chiral background. Applying the change of coordinates (1.3) to the STU-
model in question and performing the intrinsic torsion analysis, we find that at first order
in the deformation parameter Υ the target manifold is almost-Ka¨hler, with non-vanishing
intrinsic torsion W2 (and W5).
In section 5 we return to the deformed sigma-model (2.14) in terms of the fields Y I and Υ.
We introduce real coordinates and express the deformed sigma-model in terms of derivatives
of a Hesse potential H that is obtained by Legendre transformation of the Lagrangian L =
ImF − Ω. As shown in [23], the combination L arises naturally in the context of point-
particle Lagrangians that depend on coordinates and velocities. As mentioned above, the
Lagrangian of such a system can be reformulated in terms of complex coordinates, and in
these coordinates it equals L. The Hesse potential H is then the Hamiltonian of this system.
In the absence of a chiral background, the expressions we get reduce to those obtained recently
in [12]. We conclude with a remark.
2 The sigma-model in the presence of a chiral background
field
We consider the scalar field sigma-model that arises in four-dimensional N = 2 supergravity
theories based on abelian vector multiplets coupled to supergravity in the presence of an
arbitrary chiral background field [13, 14]. These theories can be conveniently described in
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terms of the superconformal multiplet calculus [25, 26, 3, 27]. At the Wilsonian level, the
sigma-model is encoded in a holomorphic function F that is homogeneous of degree two.
This function gets extended to the non-holomorphic function (1.2) when deforming special
geometry by non-holomorphic terms [8, 22, 10] (see [23] for a review and applications). In
this section, we discuss the implications of this modification for the sigma-model.
We begin with an analysis of the sigma-model in the presence of a chiral background
field at the Wilsonian level. Subsequently we extend the discussion and include the non-
holomorphic deformation of special geometry.
2.1 The sigma-model Lagrangian at the Wilsonian level
We consider the Wilsonian action describing the coupling of n abelian vector fields to super-
gravity in the presence of an arbitrary chiral background field. This action can be constructed
in a transparent way by making use of the superconformal multiplet calculus, which incor-
porates the gauge symmetries of the N = 2 superconformal algebra. To obtain an action
that is gauge equivalent to a Poincare´ supergravity theory, two compensating multiplets need
to be coupled to conformal supergravity. One is a hyper multiplet, that will be omitted in
the following, since it will not enter in the discussion of the sigma-model. The other is an
abelian vector multiplet. We will therefore consider n+ 1 abelian vector multiplets that will
be labelled by an index I = 0, 1, . . . , n, with I = 0 referring to the compensating multiplet.
Each of them contains a complex scalar field XI with Weyl weight w = 1 and chiral weight
c = −1. We will allow for the presence of an arbitrary chiral background superfield, whose
lowest component field is a bosonic field Aˆ that is complex and has Weyl weight w and chiral
weight c = −w.
The coupling of the vector multiplets to conformal supergravity is encoded in a holomor-
phic function F that is homogeneous of degree two. In the presence of the chiral background,
F depends on the complex scalar fields XI as well as on Aˆ, so that the homogeneity condition
takes the form
F (λX, λw Aˆ) = λ2 F (X, Aˆ) , (2.1)
where λ ∈ C\{0}. Therefore the function F (X, Aˆ) satisfies the relation
2F = XIFI + w AˆFAˆ , (2.2)
where FI and FAˆ denote the derivatives of F (X, Aˆ) with respect to X
I and Aˆ, respectively.
As is well known, the field equations of the vector multiplets are subject to equivalence
transformations corresponding to electric/magnetic duality transformations. They act as
Sp(2n+2;R) linear transformations on the (2n+2)-component vector (XI , FI(X, Aˆ)). While
the background field Aˆ is inert under duality transformations, it nevertheless enters in the
explicit form of the transformations.
We introduce the following expressions [28],
e−K = i
(
X¯I FI(X, Aˆ)− F¯I¯(X¯, ¯ˆA)XI
)
,
Aµ = 12 eK
(
X¯I
←→Dµ FI − F¯I¯
←→DµXI
)
, (2.3)
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as well as
NIJ = −i
(
FIJ − F¯I¯ J¯
)
, (2.4)
where FIJ = ∂
2F (X, Aˆ)/∂XI∂XJ . Observe that e−K has weights w = 2, c = 0, while NIJ
has weights w = c = 0. The covariant derivative Dµ is covariant with respect to chiral
U(1) transformations and dilations, and the associated gauge connections are Aµ and bµ,
respectively. Note that
←→Dµ = Dµ −←−Dµ. Using (2.3), we infer the following expression for the
U(1) connection Aµ,
Aµ = −12 eK
(
X¯I
←→
∂µ FI − F¯I¯
←→
∂µ X
I
)
+Aµ . (2.5)
The combination Aµ is U(1)-invariant, and it vanishes in the absence of a chiral background.
In the presence of a chiral background, Aµ takes a complicated form that involves the quantity
FAˆ = ∂F/∂Aˆ and derivatives thereof. In the case that the chiral background superfield is
taken to be the square of the Weyl superfield, the expression for Aµ can be found in [28].
Next, we introduce the rescaled Weyl and U(1) invariant fields [28]
Y I = eK/2 h¯ XI ,
Υ =
(
eK/2 h¯
)w
Aˆ , (2.6)
where h denotes a phase factor which transforms under U(1) with the same weight as the
fields XI . Using the homogeneity property (2.1), we obtain F (Y,Υ) = eK h¯2 F (X, Aˆ) as well
as
i
(
Y¯ I FI(Y,Υ)− F¯I¯(Y¯ , Υ¯)Y I
)
= 1 , (2.7)
where FI(Y,Υ) = ∂F (Y,Υ)/∂Y
I (and similarly FΥ = ∂F (Y,Υ)/∂Υ). Expressing (2.5) in
terms of the rescaled fields (2.6) yields the U(1)-invariant combination
aµ ≡ Aµ − i∂µ lnh = −12
(
Y¯ I
←→
∂µ FI(Y,Υ)− F¯I¯(Y¯ , Υ¯)
←→
∂µ Y
I
)
+Aµ . (2.8)
We express DµXI in terms of the rescaled fields (2.6). We use the invariance under special
conformal transformations to set bµ = 0, and we obtain
eK/2 h¯DµXI = ∂µY I + iaµ Y I . (2.9)
Now we turn to the kinetic term for the scalar fields XI in the Wilsonian Lagrangian,
L = i
(
DµFI(X, Aˆ)DµX¯I −DµF¯I¯(X¯, ¯ˆA)DµXI
)
, (2.10)
which we rewrite in terms of the rescaled fields (2.6),
L = e−K
[
i
(
∂µFI(Y,Υ) ∂µY¯
I − ∂µF¯I¯(Y¯ , Υ¯) ∂µY I
)− (aµ −Aµ) (aµ −Aµ) +AµAµ] . (2.11)
Observe that the combination aµ−Aµ and Aµ do not couple to one another. The combination
aµ−Aµ, which is given in (2.8), is determined in terms of (Y I , FI(Y,Υ)), and is non-vanishing
in the absence of a chiral background. The term AµAµ, on the other hand, vanishes when
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switching off the chiral background. When the chiral background is identified with the square
of the Weyl tensor, this term has a structure that is distinct from those of the other terms in
(2.11). For instance, AµAµ contains a term proportional to T+T−T+T−, where T± refers to
(anti)self-dual Lorentz tensors. The other terms in (2.11) do not contain such a term, since
they are constructed out of derivatives of the vector (Y I , FI(Y,Υ)). Also note that AµAµ
is of order O(F 2Υ) and higher, and can thus be neglected when working to first order in FΥ.
Thus, in the following, we split the Wilsonian Lagrangian into two pieces, LWilsσ +Lgrav, where
LWilsσ denotes the sigma-model Lagrangian that we will be focussing on in the following,
LWilsσ = e
−K
[
i
(
∂µFI(Y,Υ) ∂µY¯
I − ∂µF¯I¯(Y¯ , Υ¯) ∂µY I
)− (aµ −Aµ) (aµ −Aµ)] , (2.12)
while Lgrav denotes the remaining part of the supergravity Lagrangian, which includes the
term AµAµ. The overall factor e−K appearing in (2.12) may be absorbed by a rescaling of
the space-time metric or, equivalently, set to a constant value by using the freedom under
dilations. In the following, we will thus consider (2.12) with e−K = 1.
The sigma-model Lagrangian (2.12), which is entirely constructed out of derivatives
of the vector (Y I , FI(Y,Υ)), is manifestly invariant under symplectic transformations of
(Y I , FI(Y,Υ)), which leave Υ inert. We now deform this Wilsonian sigma-model Lagrangian
by allowing for non-holomorphic deformations that are incorporated into F by performing
the extension (1.2). The function F (Y, Y¯ ,Υ, Υ¯), which is homogeneous of degree two, can be
decomposed into a holomorphic background independent piece F (0)(Y ) and a real function
Ω(Y, Y¯ ,Υ, Υ¯) that encodes the background dependence. This decomposition is defined up to
an anti-holomorphic function, and the associated equivalence transformation takes the form
[23]
F (0)(Y )→ F (0)(Y ) + g(Y,Υ) , Ω→ Ω− Im g(Y,Υ) , (2.13)
resulting in F (Y, Y¯ ,Υ, Υ¯) −→ F (Y, Y¯ ,Υ, Υ¯) + g¯(Y¯ , Υ¯). The latter leaves the vector (Y I ,
FI(Y, Y¯ ,Υ, Υ¯)) unaffected. Electric/magnetic duality now acts as an Sp(2n+2,R)- transfor-
mation on this vector.
Thus, in the presence of non-holomorphic terms, the deformed sigma-model Lagrangian
will be specified by
Lσ = i
(
∂µFI(Y, Y¯ ,Υ, Υ¯) ∂µY¯
I − ∂µF¯I¯(Y, Y¯ ,Υ, Υ¯) ∂µY I
)−A µAµ , (2.14)
where
Aµ = −12
(
Y¯ I
←→
∂µ FI(Y, Y¯ ,Υ, Υ¯)− F¯I¯(Y, Y¯ ,Υ, Υ¯)
←→
∂µ Y
I
)
, (2.15)
with the Y I satisfying the relation
i
(
Y¯ I FI(Y, Y¯ ,Υ, Υ¯)− F¯I¯(Y, Y¯ ,Υ, Υ¯)Y I
)
= 1 . (2.16)
The Wilsonian limit is recovered by taking Ω to be harmonic,
ΩWils(Y, Y¯ ,Υ, Υ¯) = f(Y,Υ) + f¯(Y¯ , Υ¯) , (2.17)
which, through the equivalence transformation (2.13), results in F (Y,Υ) = F (0)(Y )+2if(Y,Υ).
In the next section, we turn to the evaluation of the deformed sigma-model Lagrangian (2.14).
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2.2 The sigma-model Lagrangian in the presence of non-holomorphic terms
The deformed sigma-model Lσ introduced above is defined in terms of fields (Y
I ,Υ). In the
following, we express this sigma-model in terms of projective coordinates given by
zi =
Y i
Y 0
, i = 1, . . . , n ,
Ψ =
Υ
(Y 0)w
,
R =
Y¯ 0
Y 0
. (2.18)
Here R = 1/R¯ denotes the phase of (Y 0)−2. Observe that all these coordinates (including Ψ)
transform under symplectic transformations of (Y I , FI). The norm of Y
0 is expressed in terms
of these projective coordinates using the relation (2.16), as follows. Using the homogeneity
of F (Y, Y¯ ,Υ, Υ¯), we obtain
F (Y, Y¯ ,Υ, Υ¯) =
(
Y 0
)2 F(z, z¯,Ψ, Ψ¯, R) (2.19)
with
F(z, z¯,Ψ, Ψ¯, R) = F (0)(z) + 2iΩ(z, z¯,Ψ, Ψ¯, R) ,
F¯(z, z¯,Ψ, Ψ¯, R¯) = F¯ (0)(z¯)− 2iΩ(z¯, z, Ψ¯,Ψ, R¯) , (2.20)
where Ω(z, z¯,Ψ, Ψ¯, R) is not any longer a real function due to its dependence on the phase
R. Using the expressions for the first-order derivatives of F (Y, Y¯ ,Υ, Υ¯) given in (A.2) and
inserting these expressions into (2.16) yields
|Y 0|2 = −iΣ−1 (2.21)
with Σ given by
Σ(z, z¯,Ψ, Ψ¯, R) = 2
(F − F¯)− (zi − z¯i) (Fi + F¯ı¯)− w (ΨFΨ − Ψ¯F¯Ψ¯)− (RFR − R¯ F¯R¯) .
(2.22)
Observe that Σ satisfies Σ = −Σ¯, and that it can be expressed as Σ = ∆− ∆¯ with
∆(z, z¯,Ψ, Ψ¯, R) = 2F − (zi − z¯i)Fi − wΨFΨ −RFR . (2.23)
Now we express A µ given in (2.15) in terms of the coordinates (2.18). First, using (2.16),
we note that Aµ can be written as
Aµ = F¯I¯∂µY
I − Y¯ I∂µFI = FI∂µY¯ I − Y I∂µF¯I¯ . (2.24)
Subsequently we obtain
Aµ = −Σ Y¯ 0 ∂µY 0 − |Y 0|2 aµ = −Σ¯Y 0 ∂µY¯ 0 − |Y 0|2 a¯µ ,
aµ = −F¯ı¯∂µzi −Fi∂µz¯i + ∂µ∆ (2.25)
=
(
∆i − F¯ı¯
)
∂µz
i + (∆ı¯ −Fi) ∂µz¯i +∆Ψ∂µΨ+∆Ψ¯∂µΨ¯ + ∆R∂µR ,
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as well as
A
µ
Aµ = |Σ|2 |Y 0|2 ∂µY 0∂µY¯ 0 + |Y 0|4 aµa¯µ ,
+Σ |Y 0|2 Y¯ 0∂µY 0 a¯µ + Σ¯ |Y 0|2 Y 0 ∂µY¯ 0 aµ . (2.26)
The field strength of Aµ reads
Fµν = ∂µAν − ∂νAµ
= ∂µFI∂ν Y¯
I − ∂µY I∂ν F¯I¯ − (µ↔ ν)
=
i
Σ
[
∂µ aν − ∂νaµ − 1
Σ
(∂µΣ aν − ∂νΣ aµ)
]
, (2.27)
where we used (2.21).
We proceed to express the sigma-model Lagrangian (2.14) in terms of projective coordi-
nates. Using the expressions for the second-order derivatives of F given in (A.3) we obtain,
F00 + F0i(z
i + z¯i) + Fij z
iz¯j + wΨ
(
Y 0
)w−1 (
F0Υ + FiΥ z¯
i
)
= ∆−R∆R ,
F0i − F¯0¯ı¯ +
(
Fij − F¯ı¯¯
)
zj + FiΥ wΨ
(
Y 0
)w−1
= Fi − ∆¯ı¯ −RFiR ,(
F0Υ + FiΥ z¯
i
) (
Y 0
)w−1
= ∆Ψ ,
F00¯ + F0ı¯z¯
i + Fi0¯z¯
i + Fi¯z¯
iz¯j + F0Υ¯wΨ¯
(
Y¯ 0
)w−1
+ FiΥ¯z¯
iwΨ¯
(
Y¯ 0
)w−1
= ∆R ,
F0ı¯ + Fi0¯ + (Fjı¯ + Fi¯) z¯
j + FiΥ¯wΨ¯
(
Y¯ 0
)w−1
= FiR + R¯ (∆ı¯ −Fi) ,(
F0Υ¯ + FiΥ¯z¯
i
) (
Y¯ 0
)w−1
= ∆Ψ¯ .
(2.28)
Using these we get
i
(
∂µFI∂
µY¯ I − ∂µF¯I¯∂µY I
)
= i
[
∂µY
0∂µY¯ 0
(
Σ−R∆R + R¯∆R¯
)
+∂µY
0∂µz¯i Y¯ 0
(Fi − ∆¯ı¯ −RFiR)
−∂µY¯ 0∂µzi Y 0
(F¯ı¯ −∆i − R¯F¯ı¯R¯)
+∂µz
i∂µz¯j |Y 0|2 (Fij − F¯ı¯¯)
+∂µΨ∂
µY¯ 0 Y 0∆Ψ − ∂µΨ¯∂µY 0 Y¯ 0 ∆¯Ψ¯
+∂µΨ∂
µz¯i |Y 0|2FiΨ − ∂µΨ¯∂µzi |Y 0|2 F¯ı¯Ψ¯
]
+i
[
∂µY¯
0∂µY¯ 0∆R
+∂µY¯
0∂µz¯i Y¯ 0
(FiR + R¯ (∆ı¯ −Fi))
+∂µz¯
i∂µz¯j |Y 0|2Fi¯
+∂µY¯
0∂µΨ¯Y 0∆Ψ¯
+∂µz¯
i∂µΨ¯ |Y 0|2FiΨ¯ − c.c.
]
. (2.29)
Next, using the relation
∂µR =
∂µY¯
0
Y 0
−R ∂µY
0
Y 0
, (2.30)
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as well as (2.21) with Σ = −Σ¯, we obtain
Lσ = i|Y 0|2
[
∂µz
i∂µz¯j
(Fij − F¯ı¯¯)
+∂µΨ∂
µz¯i FiΨ − ∂µΨ¯∂µzi F¯ı¯Ψ¯
+∂µR∂
µz¯i FiR − ∂µR¯∂µzi F¯ı¯R¯
+
(
∂µz¯
i∂µz¯jFi¯ + ∂µz¯i∂µΨ¯FiΨ¯ − c.c.
)]
− |Y 0|4 aµa¯µ . (2.31)
Introducing ρM = (zi, z¯i,Ψ, Ψ¯, R), this can also be written as
Lσ = i|Y 0|2
[
∂µρ
M∂µz¯j FMj − c.c.
]
− |Y 0|4 aµa¯µ , (2.32)
with aµ given in (2.25). Thus we find that the deformed sigma-model Lagrangian takes a
rather simple form, with the first term only depending on double derivatives of F(z, z¯,Ψ, Ψ¯, R).
The Lagrangian (2.32) describes the coupling of the deformed sigma-model to supergravity.
In the rigid limit, i.e. when decoupling supergravity in which case aµ = 0, the deformed
sigma-model Lagrangian yields a generalization of the extrinsic construction of special-Ka¨hler
manifolds given in [7]. We will turn to this construction in the last subsection.
Note also that the Lagrangian (2.32) depends on the phase of Y 0, i.e. on R. This means
that when coupling the deformed sigma-model to supergravity, the associated target-space
line element will depend on this coordinate, in general. This dependence drops out in the
Wilsonian limit when taking (zi,Ψ) to be independent fields, as we will now show.
2.2.1 The Wilsonian limit
In the Wilsonian limit (2.17), we have
FWils(Y, Y¯ ,Υ, Υ¯) =
(
Y 0
)2 FWils(z, z¯,Ψ, Ψ¯, R) ,
FWils(z, z¯,Ψ, Ψ¯, R) = FH(z,Ψ) + 2iR2 f¯(z¯, Ψ¯) , (2.33)
where FH denotes the holomorphic part of FWils,
FH(z,Ψ) = F (0)(z) + 2i f(z,Ψ) . (2.34)
Inserting (2.33) into (2.22) results in
ΣWils = 2
(FH − F¯H)− (zi − z¯i) (FHi + F¯Hı¯ )−w (ΨFHΨ − Ψ¯ F¯HΨ¯ ) . (2.35)
Note that, as expected, the dependence on R and R¯ has dropped out of ΣWils. As mentioned
below (2.17), FWils and (Y
0)2FH(z,Ψ) give rise to equivalent Wilsonian Lagrangians, and
thus ΣWils can only depend on FH and derivatives thereof.
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Using the expressions (A.1) we find
∆R = 0 ,
∆Ψ = Σ
Wils
Ψ ,
∆Ψ¯ = 0 ,
∆ı¯ −Fi = 0 ,
Fi − ∆¯ı¯ = ΣWilsı¯ ,
FiΨ = ΣWilsı¯Ψ ,
Fij − F¯ı¯¯ = ΣWilsi¯ ,
FiR = 0 ,
ΣWilsΨΨ¯ = 0 . (2.36)
Inserting (2.36) into (2.25) and (2.32), we obtain
aµ = Σ
Wils
i ∂µz
i +ΣWilsΨ ∂µΨ , (2.37)
as well as
LWilsσ = |Y 0|2
[
iΣAB¯ ∂µv
A∂µv¯B − |Y 0|2 ΣA ∂µvA Σ¯B¯ ∂µv¯B
]
, (2.38)
where we introduced vA = (zi,Ψ). Recalling (2.21) and defining
e−K = iΣWils , (2.39)
we obtain
LWilsσ = −∂A∂B¯K ∂µvA ∂µv¯B . (2.40)
Thus, in the Wilsonian limit, the enlarged target-space is Ka¨hler, with the real Ka¨hler po-
tential K determined in terms of FH(z,Ψ) via (2.35). Using (2.37) we obtain for the field
strength 1-form (2.27),
F = i∂A∂B¯K dv
A ∧ dv¯B . (2.41)
So far, we treated the vA as independent fields. Now let us discuss the case when Ψ
becomes a dependent field. Let us first consider the restriction to a hypersurface Ψ = g(z).
This is achieved by taking Υ to be the field dependent function Υ = (Y 0)w g(z). Then, the
sigma-model Lagrangian (2.40) and the field strength (2.41) retain their form,
LWilsσ = −∂i∂¯K(z, z¯,Ψ(z), Ψ¯(z¯)) ∂µzi ∂µz¯j ,
F = i∂i∂¯K(z, z¯,Ψ(z), Ψ¯(z¯)) dz
i ∧ dz¯j . (2.42)
Next, let us consider the case when Υ is taken to be a constant parameter, in which case
Ψ = Υ/(Y 0)w (and similarly Ψ¯) become functions of (z, z¯, R,Υ, Υ¯). Namely, using (2.21),
we obtain
Ψ(z, z¯, R,Υ, Υ¯) = Υ (iΣR)w/2 . (2.43)
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Note that Σ depends on Ψ and Ψ¯, so that to obtain Ψ(z, z¯, R,Υ, Υ¯) one has to proceed by
iteration in Υ and Υ¯. Then, generically, the sigma-model will depend on the coordinates
(zi, z¯i, R) and will not retain the form (2.42). It will have additional terms of the form
∂µz
i∂µzj as well as terms that involve ∂µR.
2.2.2 The rigid case
Now we consider the rigid limit of (2.32). The decoupling of supergravity proceeds by setting
aµ = 0 and setting Y
0 = 1, so that
Lrigidσ = i
[
∂µρ
M∂µz¯j FMj − c.c.
]
, (2.44)
where now ρM = (zi, z¯i,Ψ = Υ, Ψ¯ = Υ¯) and F = F(z, z¯,Ψ, Ψ¯). This Lagrangian follows
from the rigid Wilsonian Lagrangian
i
[
∂µFHj ∂µz¯j − c.c.
]
(2.45)
by performing the replacement FHj (z,Ψ) → Fj(z, z¯,Ψ, Ψ¯). When taking the fields Ψ and
Ψ¯ to be constant, i.e. when treating them as parameters, the Lagrangian (2.44) can be
understood in terms of the extrinsic construction given in [7], as follows.
We consider the ambient space V = C2n with local coordinates (zi, wi), standard complex
symplectic form
ΩV = dz
i ∧ dwi , (2.46)
and standard complex structure
JV = i
(
dzi ⊗ ∂
∂zi
+ dwi ⊗ ∂
∂wi
− dz¯i ⊗ ∂
∂z¯i
− dw¯i ⊗ ∂
∂w¯i
)
. (2.47)
We define the Hermitian form γV (i.e. γV (JV X,JV Y ) = γV (X,Y ) ∀X,Y ∈ Vec(V )),
γV = i
(
dzi ⊗ dw¯i − dwi ⊗ dz¯i
)
, (2.48)
which yields the Riemannian metric
gV = Re γV = i
(
dzi ⊗sym dw¯i − dwi ⊗sym dz¯i
)
(2.49)
and the fundamental 2-form ωV (i.e. ωV (X,Y ) = −gV (JV X,Y ))
ωV = Im γV =
(
dzi ∧ dw¯i − dwi ∧ dz¯i
)
, dωV = 0 . (2.50)
Now consider the hypersurface M in ambient space, described by wi = Fi(z, z¯) (we supress
the dependence on the parameters Ψ and Ψ¯, for simplicity). Unlike the case studied in [7],
this is not a holomorphic immersion. The pullback of the complex symplectic form ΩV gives
ΩM = Fi¯ dz
i ∧ dz¯j , (2.51)
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which is non-vanishing, and therefore wi = Fi(z, z¯) is not anylonger a Lagrangian immersion.
The pullback of the hermitian form γV gives
γM = Nij dz
i ⊗ dz¯j + i F¯ı¯j dzi ⊗ dzj − i Fi¯ dz¯j ⊗ dz¯i , (2.52)
where N is a hermitian matrix given by
Nij = −i
(
Fij − F¯ı¯¯
)
. (2.53)
The induced metric on M is
gM = Re γM = Nij dz
i ⊗sym dz¯j + i F¯ı¯j dzi ⊗sym dzj − i Fi¯ dz¯i ⊗sym dz¯j , (2.54)
while the pullback of the fundamental 2-form ωV is
ωM = Im γM = −iNij dzi ∧ dz¯j + F¯ı¯j dzi ∧ dzj + Fi¯ dz¯i ∧ dz¯j , dωM = 0 . (2.55)
The induced metric gM is not hermitian with respect to the standard complex structure
JM
(
∂
∂zi
)
= i
∂
∂zi
, JM
(
∂
∂z¯i
)
= −i ∂
∂z¯i
, (2.56)
i.e. gM (JM X,JM Y ) 6= gM (X,Y ) due to the terms Fi¯.
On the other hand, it is well known that given a non-degenerate 2-form ωM and a non-
degenerate metric gM , it is possible to construct an almost complex structure JM such that
ωM (JMX,JMY ) = ωM (X,Y ). (2.57)
The construction proceeds as follows. The non-degeneracy of both gM and ωM implies the
existence of a linear map A such that
gM (AX,Y ) = −ωM(X,Y ). (2.58)
The adjoint A† is defined by g(AX,Y ) = g(X,A†Y ) which, when combined with (2.58), yields
A† = −A. The almost complex structure is then defined by
JM =
(√
AA†
)−1
A . (2.59)
In general, however, this almost complex structure is not compatible with gM . The compatible
metric is
g˜M (X,Y ) = gM
(√
AA†X,Y
)
= −ωM (X,JMY ) , (2.60)
which does not coincide with gM .
Let us perform the construction of JM for the case at hand. This can be easily done
by employing matrix notation. Let F = (Fi¯) and denote by F+ and F− its symmetric and
antisymmetric parts respectively. In terms of these matrices we have
gM =
(
1
2N −iF+
iF¯T+
1
2N
)
(2.61)
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and
ωM =
(
i
2N F−
−F¯T− − i2N
)
. (2.62)
Now we compute A = ωMg
−1
M and obtain, by using the Schur complement,
A =
(
iSBS¯
−1
A −FTS−1A
−F¯T S¯−1A −iS¯BS−1A
)
, (2.63)
where
SA =
N
2
− 2F¯T+N−1F+ Wil−−→
N
2
, (2.64)
SB =
N
2
− 2F−N−1F¯T+ Wil−−→
N
2
. (2.65)
Observe that in the Wilsonian limit (Fi¯ = 0) this reduces to
A = i
(
I 0
0 −I
)
, (2.66)
and hence AA† = I, so that A = JM , and we get a compatible triple (gM , ωM , JM ), where
JM is the standard almost complex structure.
On the other hand, to first order in F, we obtain
A =
(
iI −2FTN−1
−2F¯TN−1 −iI
)
(2.67)
as well as AA† = I. Therefore JM = A and the compatible metric g˜M equals gM . Thus, to
first order in F, (gM , ωM , JM ) forms a compatible triple.
3 Intrinsic torsion class analysis
In this section we consider the target-space metric of the deformed sigma-model (2.32) and
study the intrinsic torsion of the target-space following [24]. To this end we take Υ and
Υ¯ to be constant parameters. Then, Ψ = Υ/(Y 0)w (and similarly Ψ¯) become functions of
(z, z¯, R,Υ, Υ¯), given by (2.43). Note that in (2.43), Σ depends on Ψ and Ψ¯, so that to obtain
Ψ(z, z¯, R,Υ, Υ¯) one has to proceed by iteration in Υ and Υ¯. For instance, to first-order in Υ,
we obtain
Ψ(1)(z, z¯, R,Υ) = Υ
(
iΣ(0)R
)w/2
, (3.1)
where Σ(0) = Σ(Ω = 0). Proceeding in this way, the target-space metric is parametrized in
terms of coordinates (zi, z¯i, R) (with i = 1, . . . , n). Generically, this metric does not describe
the metric of a circle fibration. We restrict ourselves to a co-dimension one hypersurface
R = constant and analyze the resulting geometry in terms of torsion classes. In order to
use the results of [24], we focus on the case with n = 3 in the following, and consider a six-
dimensional manifoldM with Riemannian metric (we drop the symbol ⊗sym in the following)
ds2 = gi¯dz
idz¯j + gijdz
idzj + gı¯¯dz¯
idz¯j , i, j = 1, 2, 3 . (3.2)
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This metric, which follows from (2.32) by setting Υ and R to a constant, depends on Ω in a
rather complicated way.
We introduce complex vielbein 1-forms ei,
ds2 = δij e¯ı¯ ej . (3.3)
Expressing ei in terms of dz
i and dz¯i and vice-versa,
ei = Aijdz
j +Bi¯dz¯
j
dzi = M ijej +N
i¯e¯¯, (3.4)
we infer the relation (
M N
N¯ M¯
)
=
(
A B
B¯ A¯
)−1
, (3.5)
so that
M =
(
A−BA¯−1B¯)−1 ,
N = −A−1BM¯ . (3.6)
The metric coefficients can be expressed in terms of Aij and Bij as
gi¯ = δkk¯
(
A¯k¯¯Aki + B¯k¯iBk¯
)
(3.7)
and
gij =
δkk¯
2
(
B¯k¯iAkj + B¯k¯jAki
)
. (3.8)
Using (3.8) we express Bi¯ in terms of gij and Aij as
Bi¯ = δip¯A¯
l¯p¯ gl¯¯ . (3.9)
where A¯l¯p¯A¯p¯k¯ = δ
l¯
p¯.
We introduce an almost complex structure, whose associated 2-form is (we use the same
symbol J for both quantities)
J = − i
2
δij e¯ı¯ ∧ ej (3.10)
which, when expressed in terms of the matrices A and B, takes the form
J = − i
2
(
B¯ı¯kBil¯ −AikA¯ı¯l¯
)
dzk ∧ dz¯l + iB¯ı¯kAil dzk ∧ dzl + iA¯ı¯k¯Bil¯ dz¯k ∧ dz¯l. (3.11)
The triplet (M,g, J) defines a U(3) structure on M . An SU(3) structure is obtained by
introducing a non-degenerate complex (3, 0)-form ψ,
ψ = e1 ∧ e2 ∧ e3 . (3.12)
Equivalently, we can define an SU(3) structure on M as the triplet (M,J, ψ), where J is
a real 2-form and ψ is a complex 3-form ψ = ψ+ + iψ− such that the relations J ∧ ψ± =
0 , ψ+ ∧ ψ− = 23J ∧ J ∧ J 6= 0 hold.
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The failure of the holonomy group of the Levi-Civita connection of g to reduce to SU(3) is
measured by the so-called intrinsic torsion τ . The space to which τ belongs can be decomposed
into five classes [29, 24],
τ ∈ W1 ⊕W2 ⊕W3 ⊕W4 ⊕W5 . (3.13)
The five torsion classes of (M,J, ψ) are defined through the decomposition of the exterior
derivative of J, ψ into SU(3)-modules, and they describe the failure of J, ψ to being closed,
as follows [24],
W1 ↔ (dJ)(3,0) , W2 ↔ (dψ)(2,2)0 ,
W3 ↔ (dJ)(2,1)0 , W4 ↔ J ∧ dJ ,
W5 ↔ (dψ)(3,1) . (3.14)
The subscript 0 means that only the primitive part of the form should be retained, i.e. forms
that are in the kernel of (J ∧•). Thus, β ∈ Λ(2,2)0 if J ∧β = 0, and γ ∈ Λ(2,1)0 if J ∧γ = 0. The
vanishing of both W1 and W2 implies that the manifold is hermitian, while the vanishing of
the four torsion classes W1, . . . ,W4 implies that the manifold is Ka¨hler.
We proceed to determine the torsion classes. To do so, we write dei as
dei = (O1) mni em ∧ en + (O2) m¯ni e¯m¯ ∧ en + (O3) m¯n¯i e¯m¯ ∧ e¯n¯. (3.15)
The torsion classes are then expressed as
W1 ↔ Z¯jk¯k¯ ψ ,
W˜2 ↔ Zm¯n¯jke¯m¯n¯ ∧ ejk ,
W˜3 ↔ Cijk¯eij ∧ e¯k¯ ,
W4 ↔ Rn¯k¯ ψ ∧ e¯n¯k¯ + Snk ψ¯ ∧ enk ,
W5 ↔ (O2) m¯ii e¯m¯ ∧ ψ , (3.16)
where ejk = ej ∧ ek, ǫijk denotes the totally anti-symmetric epsilon tensor, and where we
introduced the following tensors,
Cijk¯ = −1
2
[(
δl¯j
(O¯2) ik¯l¯ + δk¯l (O1) ijl
)
− (i↔ j)
]
,
E i¯k¯ = −C¯ ¯k¯i = 1
2
[(
δl¯i
(O¯1) ¯k¯l¯ − δ¯l (O2) k¯il
)
− (¯↔ k¯)] ,
Rn¯k¯ = −1
2
[
δn¯lCijk¯ǫlij −
(
n¯↔ k¯)] ,
Snk = (Rn¯k¯) = 1
2
[
δnm¯Ek¯l¯ǫm¯¯l¯ − (n↔ k)
]
,
Zm¯n¯jk = (O3) m¯n¯i ǫijk. (3.17)
Note that in (3.16) we used W˜ on the left hand side of some of the equations, to indicate that
in order to obtain the primitive part of the forms, we have to impose the following conditions.
The torsion class W2 has to satisfy J ∧W2 = 0. We compute
J ∧ W˜2 ∝
(
Z ¯k¯jk −Z k¯¯jk
)
ψ¯ ∧ ψ = 2Z ¯k¯jk ψ¯ ∧ ψ , (3.18)
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which is proportional to the torsion class W1. Thus, we conclude that when W1 vanishes,
(dψ)(2,2) is primitive, i.e. (dψ)(2,2) = (dψ)
(2,2)
0 , and W˜2 =W2.
The torsion class W3, on the other hand, has to satisfy J ∧W3 = 0. We compute
J ∧ W˜3 = Cijk¯ǫijl δlp ψ ∧ e¯k¯p¯ , (3.19)
which is proportional to the torsion class W4. Thus, when W4 vanishes, we have W˜3 =W3.
The coefficients (O) appearing in (3.17) can be expressed in terms of the matrices A,B,M
and N introduced in (3.4). We obtain
(O1) mni =
1
2
((
∂kAijM
km + ∂k¯AijN¯
k¯m
)
M jn − (m↔ n)
)
+
1
2
((
∂kBi¯M
km + ∂k¯Bi¯N¯
k¯m
)
N¯ ¯n − (m↔ n)
)
,
(O2) m¯ni = ∂kAij
(
M jnNkm¯ −MknN jm¯
)
+ ∂k¯Aij
(
M¯ k¯m¯M jn − N¯ k¯nN jm¯
)
+∂kBi¯
(
Nkm¯N¯ ¯n −MknM¯ ¯m¯
)
+ ∂k¯Bi¯
(
M¯kmN¯ ¯n − N¯ k¯nM¯ ¯m¯
)
,
(O3) m¯n¯i =
1
2
((
∂kAijN
km¯ + ∂k¯AijM¯
k¯m¯
)
N jn¯ − (m¯↔ n¯)
)
+
1
2
((
∂kBi¯N
km¯ + ∂k¯Bi¯M¯
k¯m¯
)
M¯ ¯n¯ − (m¯↔ n¯)
)
. (3.20)
There are two cases to consider, namely Bi¯ = 0 and Bi¯ 6= 0. They can be understood as
follows. The metric (3.2), which is obtained from (2.32), depends on Ω in a rather complicated
way. We may expand the metric coefficients in powers of Ω and compute the torsion classes
order by order in Ω. When Ω = 0, we have gij = 0 and we infer from (3.9) that Bi¯ = 0. In
this case the metric is Ka¨hler, since it corresponds to the sigma-model metric in the absence
of a chiral background. On the other hand, when Ω 6= 0 we have gij 6= 0, as discussed at the
end of subsection 2.2.1, and hence also Bi¯ 6= 0.
We first consider the case when Bi¯ = 0 and verify that the vanishing of the first four
torsion classes implies that the manifold is Ka¨hler. We infer from (3.6) that N i¯ = 0, and
from (3.8) and (3.7) we obtain gij = 0 and gi¯ = δkk¯AkiA¯k¯¯. It follows that (O3) = 0, so that
W1 =W2 = 0, and hence the manifold is hermitian. For (O1) and (O2) we obtain
(O1) mni =
1
2
(
∂kAijM
kmM jn − (m↔ n)
)
(3.21)
and
(O2) m¯ni = ∂k¯AijM¯ k¯m¯M jn. (3.22)
This results in
Cijk¯ = −1
2
[
∂nglm¯M
ljMniM¯ m¯k¯ − (i↔ j)
]
, (3.23)
which vanishes iff ∂nglm¯ = ∂lgnm¯, in which case
W3 =W4 = 0. (3.24)
Thus we recover the well known fact that the vanishing of the first four torsion classes implies
that the manifold is Ka¨hler.
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We now briefly discuss the torsion classW5 when Bi¯ = 0. In this caseW5 is proportional
to
(O2) m¯ii = ∂k¯AijM¯ k¯m¯M ji . (3.25)
Taking M ij to be diagonal,
M ij = λi(z, z¯) δ
ij , λi ∈ C , (3.26)
we have ln
√
det gi¯ = −12 ln
∏3
i=1
(
λiλ¯i
)
, and we obtain (no summation over m¯ here)
(O2) m¯ii = −
3∑
i=1
λ¯m¯
λi
∂m¯λi = −λ¯m¯∂m¯ ln
3∏
i=1
λi . (3.27)
In order for W5 to vanish we must have
∂m¯ ln
3∏
i=1
λi = 0 , m = 1, 2, 3 , (3.28)
which, together with the complex-conjugate equation, implies the vanishing the first Chern
class
c1 =
[
1
2π
R
]
, (3.29)
where R is the Ricci form
R = i∂∂¯ ln
√
det gi¯ . (3.30)
Next, we consider the case when Bi¯ 6= 0, in which case gij 6= 0. We may expand the
metric coefficients in powers of Ω. In the following, we compute the four torsion classes
W1, . . . ,W4 to first order in Ω. At first order in Ω we have gij 6= 0 and hence, according to
(3.9), this means that we will work at first order in Bi¯. We therefore expand the metric (3.2)
in powers of B as
ds2 =
(
g
(0)
i¯ + g
(1)
i¯
)
dzidz¯j + g
(1)
ij dz
idzj + g
(1)
ı¯¯ dz¯
idz¯j , (3.31)
where the superscript indicates the power of B (or, equivalently, the power of Ω). For later
use, we introduce the Christoffel symbol associated to the Ka¨hler metric g(0),
Γp¯
k¯l¯
= g(0)p¯r∂k¯g
(0)
rl¯
. (3.32)
We now compute the coefficients (O) given in (3.20) to first order in Bi¯. Observe that
N i¯ is then of first order in B. First, we rewrite (O3) given in (3.20) as
(O3) m¯n¯i =
1
2
[
AilM¯
¯n¯
(
Nkm¯∂k
(
AlsBs¯
)
+ M¯ k¯m¯∂k¯
(
AlsBs¯
))
− (m¯↔ n¯)
]
. (3.33)
To first order in Bi¯ this yields,
(O3) m¯n¯i =
A
(0)
il
2
(
M¯ ¯n¯0 M¯
k¯m¯
0 ∂k¯
(
g(0)p¯l g
(1)
p¯¯
)
− (m¯↔ n¯)
)
, (3.34)
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where we used (3.9), and where g(0)p¯l = A¯p¯k¯Alk. Using (3.32) we have
(O3) m¯n¯i =
δi¯ı
2
M¯ ¯n¯0 M¯
k¯m¯
0 M¯
l¯ı¯
0
(
∂k¯g
(1)
l¯¯
− Γp¯
k¯l¯
g
(1)
p¯¯ −
(
¯↔ k¯)) . (3.35)
Introducing the covariant derivative with respect to the Levi-Civita connection (3.32),
Dk¯g(1)l¯¯ = ∂k¯g
(1)
l¯¯
− Γp¯
k¯l¯
g
(1)
p¯¯ − Γp¯k¯¯g
(1)
l¯p¯
, (3.36)
we obtain
(O3) m¯n¯i =
δi¯ı
2
M¯ ¯n¯0 M¯
k¯m¯
0 M¯
l¯ı¯
0
(
Dk¯g(1)l¯¯ −D¯g
(1)
l¯k¯
)
. (3.37)
It follows that to first order in Ω,
W¯1 ∝ (O3) m¯n¯i ǫimn = 0 , (3.38)
and hence W˜2 =W2.
Similarly, we compute
Cijk¯ = −1
2
M¯ m¯k¯0 M
li
0 M
nj
0
(
Dlg(1)nm¯ −Dng(1)lm¯
)
. (3.39)
This determines W˜3 and W4 to first order in Ω. Notice that (3.39) vanishes provided that
∂lg
(1)
nm¯ = ∂ng
(1)
lm¯ , i.e. if g
(1)
nm¯ is Ka¨hler.
Summarizing, at first order in Ω we find that W1 = 0, while W2 is given by (3.37). A
non-vanishing class W2 implies that the almost complex structure is not integrable. The
torsion classes W˜3 and W4 are determined by (3.39).
In the next section, we give an example of a deformed sigma-model metric that, to first
order in Ω, has W1 = W3 = W4 = 0. Thus, the target manifold is almost-Ka¨hler, since
dJ = 0 [29].
4 Example
In the following we identify the chiral background with the square of the Weyl multiplet, so
that the model we will examine in this section describes the coupling to R2-terms. Thus the
Weyl weight w equals w = 2.
The model we consider is based on a function F (Y, Y¯ ,Υ, Υ¯) that is homogeneous of degree
two and specified by (see (1.2))
F (0)(Y ) = − (Y 0)2 z1z2z3 ,
Ω(Y, Y¯ ,Υ, Υ¯) = Υ g(z) + Υ¯ g¯(z¯) +
(
Υ+ Υ¯
)
h(z, z¯) , (4.1)
where h is a real function, while g is holomorphic, and
S = −iz1 = −i Y
1
Y 0
, T = −iz2 = −i Y
2
Y 0
, U = −iz3 = −i Y
3
Y 0
. (4.2)
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The harmonic part of Ω determines the Wilsonian Lagrangian. We take g(z) and h(z, z¯) to
be decomposable as
g(z) =
3∑
i=1
f (i)(zi) , h(z, z¯) =
3∑
i=1
p(i)(zi, z¯i) , (4.3)
with real p(i). Then, the model describes an N = 2 STU-type model [30] in the presence
of R2-interactions [31]. Ω may also receive corrections that are of higher order in Υ and Υ¯.
Here, we will work to first order in Υ and Υ¯. We may therefore identify first-order in Υ with
first-order in Ω, which is the order employed in the torsion analysis of the previous section.
Inserting (4.1) into (2.32) results in a rather complicated target-space metric which, to
first order in Υ, contains dΨ, dΨ¯ and dR-legs. To simplify the metric, we perform a coordinate
transformation whose form can be motivated by duality symmetry considerations, as follows.
Suppose we demand the model to have S- and T-duality symmetries. In the presence
of a chiral background, the S- and T-duality transformation rules get modified and involve
derivatives of Ω. For instance, under S-duality, the fields Y 0, S, T, U transform as follows [22],
S → aS − ib
icS + d
, Y 0 → ∆S Y 0 , ∆S = icS + d ,
T → T + 2ic
∆S(Y 0)2
∂Ω
∂U
, U → U + 2ic
∆S(Y 0)2
∂Ω
∂T
, (4.4)
where a, b, c, d are integer-valued parameters that satisfy ad − bc = 1 and parametrize (a
subgroup of) SL(2,Z). Here we recall that Υ does not transform, since it is invariant under
symplectic transformations. We obtain similar transformation rules under T- and U-duality
if we assume that the model has triality symmetry. These transformation rules then follow
from (4.4) by appropriately interchanging S, T and U . Furthermore, for the model to possess
S- and T-dualities, we need to take Υ to be real. Then, at first order in Υ, the model based
on (4.1) is invariant under S-duality transformations (4.4) provided that the derivatives of Ω
with respect to S, T, U transform as [22](
∂Ω
∂S
)′
= ∆2S
∂Ω
∂S
,
(
∂Ω
∂T
)′
=
∂Ω
∂T
,
(
∂Ω
∂U
)′
=
∂Ω
∂U
. (4.5)
At higher order in Υ, these expressions get corrected according to [22]. Similar considerations
hold for T-duality transformations. In general, S- and T-duality invariance can only be
achieved if the real functions p(i) in (4.3) are chosen in a suitable way.
Now we redefine the field S in such a way that the new field S˜ transforms in the usual
way under S-duality [10],
S˜ → aS˜ − ib
icS˜ + d
, (4.6)
and is invariant under T-dualities. To first order in Υ, this is achieved by the following
combination,1
S˜ = S +
2
(Y 0)2
(
∂TΩ
U + U¯
+
∂UΩ
T + T¯
)
. (4.8)
1We note that the combination introduced in [10] differs from (4.8) by a term that is invariant under
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Using (4.4) and (4.5) it can be readily checked that (4.8) transforms according to (4.6).
Similarly, it can be verified that S˜ is invariant under T- and U-duality transformations. At
first order in Υ, the transformation laws for T- and U-duality are obtained from (4.4) by
interchanging S with T and U , respectively.
We also introduce new fields T˜ and U˜ that are defined as in (4.8) by interchanging S with
T and U , respectively.
Having motivated the coordinate transformation (4.8) by using duality symmetry consid-
erations, we apply it to the model (4.1) and obtain
z˜1 = z1 − 2iΨ
[
g2 + h2
z3 − z¯3 +
g3 + h3
z2 − z¯2
]
− 2iR2 Ψ¯
[
h2
z3 − z¯3 +
h3
z2 − z¯2
]
, (4.9)
where g2 = ∂g/∂z
2, h2 = ∂h/∂z
2, etc. Similar expressions hold for z˜2 and z˜3. Then, express-
ing the target-space metric (2.32) in terms of the new coordinates z˜i, we obtain that to first
order in Υ, the target-space metric takes the form (3.31), with no extra dΨ, dΨ¯ and dR-legs.
The metric (3.31) is now expressed in terms of the new coordinates. Its metric coefficients
depend on z˜i, ¯˜zi,Ψ, Ψ¯ and R. Using (4.3) we find
g
(0)
i¯ =
δi¯
2(z˜i − ¯˜zi)2 , g
(1)
i¯ = 0 , (4.10)
while the metric components g
(1)
ij are off-diagonal and take the form
g
(1)
12 = −
2i
(Y¯ 0)2
∂3¯Ω
(z˜1 − ¯˜z1)2(z˜2 − ¯˜z2)2 = −2i
[
Ψ¯(g¯3¯ + h3¯) + R¯
2Ψh3¯
]
(z˜1 − ¯˜z1)2(z˜2 − ¯˜z2)2 , (4.11)
and similarly for the components g
(1)
13 and g
(1)
23 , which follow from (4.11) by suitably inter-
changing z˜1, z˜2 and z˜3. Observe that when the model has S- and T-duality symmetries, the
combination (4.11) is such that g
(1)
ij dz˜
idz˜j is duality invariant at first order in Υ.
Now we return to the torsion analysis. Using the above target-space metric, we imme-
diately infer that (3.39) vanishes, so that W3 = W4 = 0. On the other hand, using (3.16),
(3.17) and (3.37) we find that the torsion 4-form W˜2 is proportional to
W˜2 ∝ e¯m¯n¯ ∧
(
e23Dm¯g(1)1¯n¯ + e31Dm¯g
(1)
2¯n¯
+ e12Dm¯g(1)3¯n¯
)
. (4.12)
Focussing on the terms proportional to e23 we obtain
e23 ∧
(
e¯1¯2¯D1¯g(1)1¯2¯ + e¯1¯3¯D1¯g
(1)
1¯3¯
+ e¯2¯3¯
(
D2¯g(1)1¯3¯ −D3¯g
(1)
1¯2¯
))
, (4.13)
where we used that the metric coefficients g
(1)
ı¯¯ are off-diagonal. Similar expressions hold
for the other terms in (4.12). Using these, we verify that W˜2 ∧ J = 0, which implies that
T-dualities,
− 2
(S + S¯)
|Y 0|2
∂S¯Ω
(T + T¯ )(U + U¯)
. (4.7)
Under S-duality, this term transforms in the same way as the difference S˜ − S in (4.8).
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W˜2 =W2, as was expected sinceW1 = 0 (see (3.38)). Evaluating (4.13) using (4.3) we obtain
2i e23 ∧
[ (
Ψ+R2Ψ¯
)
e¯3¯2¯ h3¯3
(z˜1 − ¯˜z1)2(z˜2 − ¯˜z2)2 +
(
Ψ+R2Ψ¯
)
e¯2¯3¯ h2¯2
(z˜1 − ¯˜z1)2(z˜3 − ¯˜z3)2
]
(4.14)
+2i e23 ∧
e¯1¯2¯
[
∂1¯
(
Ψ+R2Ψ¯
)
h3 + (∂1¯Ψ) g3
]
+ e¯3¯2¯
[
∂3¯
(
Ψ+R2Ψ¯
)
h3 + (∂3¯Ψ) g3
]
(z˜1 − ¯˜z1)2(z˜2 − ¯˜z2)2
+2i e23 ∧
e¯1¯3¯
[
∂1¯
(
Ψ+R2Ψ¯
)
h2 + (∂1¯Ψ) g2
]
+ e¯2¯3¯
[
∂2¯
(
Ψ+R2Ψ¯
)
h2 + (∂2¯Ψ) g2
]
(z˜1 − ¯˜z1)2(z˜3 − ¯˜z3)2 .
This vanishes in the Wilsonian limit provided we take Ψ to be an independent field, in
agreement with the discussion presented in subsection 2.2.1. On the other hand, when turning
on non-holomorphic terms (which are encoded in h(z, z¯)), the combination (4.15) is non-
vanishing. Similar considerations hold for the other terms in (4.12). Thus we conclude that
the torsion classW2 becomes non-vanishing in the presence of non-holomorphic terms and/or
when taking Ψ to be a dependent field, as in (3.1). Finally, we note that also the torsion
class W5 is non-vanishing for this model, since (3.27) is already non-vanishing when Ω = 0.
5 Real coordinates and the Hesse potential
In [23] a theorem was presented according to which an arbitrary point-particle Lagrangian
L(φ, φ˙) depending on coordinates φi and velocities φ˙i can be formulated in terms of a complex
function F (x, x¯), where xi = 12 (φ
i + iφ˙i), such that the canonical variables (φi, πi = ∂L/∂φ˙i)
equal
φi = 2Re xi ,
πi = 2ReFi , Fi =
∂F (x, x¯)
∂xi
. (5.1)
The function F (x, x¯) takes the form displayed in (1.2), and the Lagrangian L and the Hamil-
tonian H are expressed in terms of F as
L = 4 (ImF − Ω) , (5.2)
H = φ˙i πi − L(φ, φ˙) = −i
(
xi F¯ı¯ − x¯i Fi
)− 4 Im(F (0) − 1
2
xi F
(0)
i
)
− 2 (2Ω− xiΩi − x¯iΩı¯) ,
where F
(0)
i = ∂F
(0)/∂xi,Ωi = ∂Ω/∂x
i, and similarly for their complex conjugates.
In the absence of a chiral background, it is known that the Hesse potential underlying
the real formulation of special geometry [4, 5, 32, 9, 12] equals the Hamiltonian H displayed
above (which in this case readsH = φ˙i πi−4 ImF (0)). This continuous to hold in the presence
of a chiral background, since H given in (5.2) incorporates the chiral background in a manner
that respects the symplectic nature of H. We proceed to verify this explicitly. We follow the
exposition of [12].
We consider the function F (Y, Y¯ ,Υ, Υ¯) given in (1.2), which is homogeneous of degree
two. We follow the theorem outlined above and introduce real coordinates2 (xI , yI)
Y I = xI + iuI(x, y) , FI = yI + ivI(x, y) . (5.3)
2The xI introduced here should not be confused with the xi in (5.1), which are complex.
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as well as
L(Y, Y¯ ,Υ, Υ¯) = ImF − Ω ,
H(x, y,Υ, Υ¯) = uI yI − L . (5.4)
Here, we have scaled out a factor 4 relative to (5.2).
We introduce the symplectic vector
Va =
(
Y I
FI(Y, Y¯ ,Υ, Υ¯)
)
, (5.5)
and decompose it into real an imaginary parts,
Va = Ra + iIa =
(
xI
yI
)
+ i
(
uI
vI
)
, (5.6)
where (
uI
vI
)
=
(
∂H
∂yI
− ∂H
∂xI
)
. (5.7)
We rewrite (5.7) as
Ia = ωabHb , (5.8)
where ωab denotes the symplectic matrix
ω =
(
0 I
−I 0
)
, (5.9)
and Ha denotes
Ha =
(
∂H
∂xI
∂H
∂yI
)
. (5.10)
Using these, we obtain for (2.15),
Aµ = (ωR)a ∂µRa + (ωH)a ∂µHa , (5.11)
and for the sigma-model Lagrangian (2.14),
Lσ = 2∂
µRa∂µHa − [(ωR)a ∂µRa + (ωH)a ∂µHa]2 . (5.12)
Here Ha depends on the real coordinates R and on the chiral background field Υ and Υ¯.
Now we consider the case when the chiral background field Υ is taken to be constant.
Then we have the relation
∂µHa = Hab ∂µRb , (5.13)
where Hab denotes the Hessian matrix
Hab =
(
∂2H
∂xI∂xJ
∂2H
∂yI∂xJ
∂2H
∂xI∂yJ
∂2H
∂yI∂yJ
)
. (5.14)
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Inserting (5.13) into (5.12) yields
Lσ =
[
2Hab −
(
(ωR)a + (ωH)c Hca
)(
(ωR)b + (ωH)dHdb
)]
∂µRa ∂µRb . (5.15)
In the rigid case, only the first term is present, which is encoded in the Hessian Hab. Thus,
H given in (5.4) serves as the Hesse potential for real special geometry in the presence of a
chiral background.
Next, we compute the Hessian matrix Hab. Using (5.7) we express the Hessian as
Hab =
(
−∂vJ
∂xI
∣∣
y
−∂vJ∂yI
∣∣
x
∂uJ
∂xI
∣∣
y
∂uJ
∂yI
∣∣
x
)
, (5.16)
and infer
∂uJ
∂xI
∣∣
y
= − ∂vI
∂yJ
∣∣
x
,
∂vJ
∂xI
∣∣
y
=
∂vI
∂xJ
∣∣
y
,
∂uJ
∂yI
∣∣
x
=
∂uI
∂yJ
∣∣
x
. (5.17)
We proceed to compute these quantities. To this end, we introduce the combinations
RIJ =FIJ + F¯I¯ J¯ ,
NIJ = − i
(
FIJ − F¯I¯ J¯
)
, (5.18)
as well as
[R±]IJ =RIJ ± 2ReFIJ¯ ,
[N±]IJ = NIJ ± 2 ImFIJ¯ . (5.19)
Observe that
[R±]
T =R∓ ,
[N±]
T =N± . (5.20)
We compute the Jacobian J associated with the change of variables (Y, Y¯ )→ (x, y),
J =
∂(x, y)
∂(Y, Y¯ )
= 12
(
δIJ δ
I
J
FIJ + F¯I¯J FIJ¯ + F¯I¯ J¯
)
. (5.21)
The inverse Jacobian is given by
J−1 =
∂(Y, Y¯ )
∂(x, y)
=
(
δJK + i
∂uJ
∂xK
∣∣
y
i ∂u
J
∂yK
∣∣
x
δJK − i ∂uJ∂xK
∣∣
y
−i ∂uJ∂yK
∣∣
x
)
. (5.22)
Then, by imposing J−1J = I, we obtain the following relations,
∂uI
∂xJ
∣∣
y
= [N−1− R+]
I
J (5.23)
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∂uI
∂yJ
∣∣
x
= −2 [N−1− ]IJ . (5.24)
Using (5.3), we compute
∂vI
∂xJ
∣∣
u
= 12 [N+]IJ ,
∂vI
∂uJ
∣∣
x
= 12 [R−]IJ ,
(5.25)
and obtain
∂vI
∂xJ
∣∣
y
=
∂vI
∂xJ
∣∣
u
+
∂vI
∂uK
∣∣
x
∂uK
∂xJ
∣∣
y
= 12 [N+ +R−N
−1
− R+]IJ . (5.26)
Observe that this relation is symmetric by virtue of (5.20), as it should.
Using these relations, we obtain
Hab =
(
−12 [N+ +R−N−1− R+]IJ [N−1− R+]IJ
[N−1− R+]
J
I −2 [N−1− ]IJ
)
=
(
−12 [N+ +R−N−1− R+]IJ [N−1− R+]IJ
[R−N
−1
− ]I
J −2 [N−1− ]IJ
)
. (5.27)
This expresses the Hessian in terms of second derivatives of the function F (Y, Y¯ ,Υ, Υ¯). In
the absence of a chiral background, this reduces to the expression found in [12]. Using (5.9)
we obtain the relation
H ωH = ω + σ , σ =
(
A B
C D
)
, (5.28)
where
A = − 12
(
N+N
−1
− R+ −R−N−1− N+ +R−N−1− (R+ −R−)N−1− R+
)
= −AT ,
B = (N+ −N−)N−1− +R−N−1− (R+ −R−)N−1− ,
C = −BT ,
D = − 2N−1− (R+ −R−)N−1− = −DT . (5.29)
This yields σ = −σT , as expected, since [H ωH]T = −H ωH. Observe that
σ = 0↔ FIJ¯ = 0 . (5.30)
The Hesse potential H is homogeneous of degree two under real rescalings of R and of Υ,
i.e. H(λR, λwΥ, λwΥ¯) = λ2H(R,Υ, Υ¯). In the absence of a chiral background this yields the
relation Ha = HabRb which, when combined with H ωH = ω (which follows from (5.28)),
results in (ωH)c Hca = (ωR)a. This in turn leads to a simplification of (5.15), namely to a
doubling of the coefficient of the term (ωR)a.
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We proceed to show that the field strength (2.27) is also expressed in terms of the quan-
tities in (5.29). Using (5.3) we get for the field strength 2-form,
F = − (dY¯ I ∧ dFI + dY I ∧ dF¯I¯) = −2 (dxI ∧ dyI + duI ∧ dvI) . (5.31)
We compute
2duI ∧ dvI =
(
∂uI
∂xJ
∣∣∣
y
∂vI
∂xK
∣∣∣
y
− (J ↔ K)
)
dxJ ∧ dxK
+2
(
∂uI
∂xJ
∣∣∣
y
∂vI
∂yK
∣∣∣
x
− ∂vI
∂xJ
∣∣∣
y
∂uI
∂yK
∣∣∣
x
)
dxJ ∧ dyK
+
(
∂uI
∂yJ
∣∣∣
x
∂vI
∂yK
∣∣∣
x
− (J ↔ K)
)
dyJ ∧ dyK , (5.32)
and obtain
F = −2 (2 δKJ − CKJ) dxJ ∧ dyK −AJKdxJ ∧ dxK −DJKdyJ ∧ dyK , (5.33)
where the matrices A,C and D are given in (5.29). When σ = 0 we get F = −4 dxJ ∧ dyJ ,
as expected.
In [12] a new formulation of the local c-map was given by making use of the real formu-
lation of special geometry in terms of the Hesse potential. It would be interesting to extend
their analysis to the case with a chiral background.
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A Derivatives
The first-order derivatives of ∆(z, z¯,Ψ, Ψ¯, R) and of F (Y, Y¯ ,Υ, Υ¯) =
(
Y 0
)2 F(z, z¯,Ψ, Ψ¯, R)
are given by
∆i = Fi −
(
zj − z¯j)Fji − wΨFΨi −RFRi ,
∆ı¯ = 2Fı¯ + Fi −
(
zj − z¯j)Fjı¯ − wΨFΨı¯ −RFRı¯ ,
∆Ψ = (2− w)FΨ −
(
zi − z¯i)FiΨ − wΨFΨΨ −RFRΨ ,
∆Ψ¯ = 2FΨ¯ −
(
zi − z¯i)FiΨ¯ − wΨFΨΨ¯ −RFRΨ¯ ,
∆R = FR −
(
zi − z¯i)FiR − wΨFΨR −RFRR , (A.1)
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and by
F0 = Y
0(2F − ziFi − wΨFΨ −RFR) ,
F0¯ = Y
0
(FR − R¯ z¯i Fı¯ − w R¯ Ψ¯FΨ¯) ,
Fi = Y
0Fi ,
Fı¯ = Y
0R¯Fı¯ ,
FΥ =
(
Y 0
)2−w FΨ ,
FΥ¯ = R¯
2
(
Y¯ 0
)2−w FΨ¯ , (A.2)
respectively. The second-order derivatives of F (Y, Y¯ ,Υ, Υ¯) read,
F00 = 2F − 2ziFi + zizjFij + w(w − 3)ΨFΨ + 2w ziΨFiΨ + w2Ψ2FΨΨ
−2RFR + 2ziRFiR + 2wRΨFRΨ +R2FRR
F00¯ = ∆Ψ − z¯iFiΨ
+R¯
(
zj z¯iFı¯j − 2z¯iFı¯ − 2wΨ¯FΨ + wRΨ¯FRΨ¯ + z¯iRFı¯R
+wziΨFiΨ + wz¯iΨFı¯Ψ + w2ΨΨFΨΨ
)
,
F0i = ∆i − z¯j Fji
F0ı¯ = R¯
(
∆ı¯ −Fi − z¯j Fjı¯
)
Fi0¯ = FRi − R¯z¯jF¯i − wR¯Ψ¯FΨ¯i ,
F0Υ =
(
Y 0
)1−w (
∆Ψ − z¯iFiΨ
)
,
F0Υ¯ = R¯
(
Y¯ 0
)1−w (
∆Ψ¯ − z¯iFiΨ¯
)
,
Fij = Fij ,
Fi¯ = R¯Fi¯
FiΥ =
(
Y 0
)1−w FiΨ ,
FiΥ¯ = R¯
(
Y¯ 0
)1−w FiΨ¯ . (A.3)
In (A.2) and (A.3), the derivatives on the left hand side are with respect to the fields
(Y I , Y¯ I¯ ,Υ, Υ¯), while the derivatives on the right hand side refer to the projective coordi-
nates (2.18) and their complex conjugates.
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